Covariant generalizations of well-known wave equations predict the existence of inertial-gravitational effects for a variety of quantum systems that range from Bose-Einstein condensates to particles in accelerators. Additional effects arise in models that incorporate Born reciprocity principle and the notion of a maximal acceleration. Some specific examples are discussed in detail.
Introduction
The interaction of quantum systems with external inertial and gravitational fields is of interest in studies regarding the ultimate structure of space-time. Covariant generalizations of well known wave equations provide examples of effects involving classes of quantum systems in conditions remote from the onset of quantum gravity, hence amenable, it is hoped, to observation. For this purpose, Schroedinger, Klein-Gordon, Maxwell-Proca and Dirac equations have been frequently discussed in the literature. The Landau-Ginzburg and Gross-Pitaevskii equations should also be added to this group because of the peculiar properties of charged and neutral Bose-Einstein condensates. As shown in Section 2, these equations can be solved exactly to first order in the weak field approximation (WFA), if the solutions of the corresponding field free equations are known. The same procedure can also be applied to de Rham, Maxwell-Proca and Dirac equations.
The interaction of quantum systems with external inertial and gravitational fields produces quantum phases. Though these are in general path-dependent, phase differences are observable, in principle, by means of interferometers. Section 2 refers to this first group of effects. An explicit calculation of the phase difference due to the Lense-Thirring (LT) effect is added for pedagogical reasons.
A second group of effects, considered in Sections 3, is derived from effective Hamiltonians for the motion of fermions in accelerators and storage rings. It deals essentially with spin-rotation coupling, its nonuniversal character and its invariance under parity and time reversal.
The problems considered in Section 4 stem from attempts to incorporate Born reciprocity theorem into the structure of space-time. They are related to the notion of a maximal acceleration (MA), whose presence, frequently discussed in both classical and quantum contexts and in string theory, plays the role of a field regulator while preserving the continuous structure of space-time. The MA corrections to the Lamb shift of one-electron atoms and ions, also discussed in Section 4, are comparable in magnitude with those of quantum electrodynamics of order seven in the fine structure constant and are not,therefore, negligible. Section 5 contains a summary.
2.
Quantum phases
Landau-Ginzburg and Gross-Pitaevskii equations
In view of the wide variety of interferometers presently in use or under development, it is convenient to study systems whose wave functions satisfy the equation
where ∇ µ indicates covariant differentiation, β is a constant and A µ (x) represents the total electromagnetic potential of all external and gravity induced fields present. Eq.(2.1) is the fully covariant version of the Landau-Ginzburg equation [1] . It reduces to the Gross-Pitaevskii equation when A µ vanishes and to the Klein-Gordon equation when β = 0. It is therefore well suited to discuss a number of systems, from superfluids [2] and Bose-Einstein condensates [3] , to scalar particles. If, in partic-ular, heavy fermion systems admit minimal coupling [4] , then Eq.(2.1) may be used in this case too with the added advantage of a much larger effective coupling in mixed gravity-electromagnetism interaction terms.
In the WFA g µν = η µν + γ µν , where γ µν is the metric deviation, |γ µν | ≪ 1 and the signature of η µν is −1. To first order, Eq.(2.1) becomes (h = c = G = 1)
It is useful to start with the ansatz
where φ 0 (x) is a field quantity to be determined below and
Because coordinates play the role of parameters in relativity, phase (2.4) is sometimes referred to as the gravitational Berry phase [5] .
It is easy to prove by differentiation that (2.4) leads to
from which one gets
By substituting (2.6) and (2.3) into (2.2) one finds, to lowest order,
where use has been made of the Lanczos-DeDonder gauge condition
3) therefore is a solution of (2.2) exact to first order if
In problems where 
where Σ p is the surface bound by the closed path, L αβ is the angular momentum of the particle of mass m, and R µναβ is the linearized Riemann tensor
Result (2.11) is manifestly gauge invariant. The effect of the electromagnetic field can also be incorporated in the phase factor in a straightforward way by adding to iχ the term ie x P dz λ A λ (z). The additional phase difference is e Σp F µν dτ µν where F µν = −A µ,ν + A ν,µ .
de Rahm and Maxwell equations
The de Rahm wave equation
where ∇ µ A µ = 0, becomes, in the WFA and in the gauge (2.8),
This equation has the solution
where 
where J αβ = L αβ + S αβ is the total angular momentum, (S αβ ) µν = −i(g µα g νβ − g µβ g να ) is the spin-1 operator and (T αβ ) µν ≡ −i 1 2 (g µα g νβ + g µβ g να ). All spin effects are therefore contained in the S αβ and T αβ terms. For a closed path one can again find a gauge invariant equation similar to (2.11).
The procedure discussed can be easily extended to massive vector particles.
Covariant Dirac equation
Some of the most precise experiments in physics involve spin-1/2 particles. They are very versatile tools that can be used in a variety of experimental situations and energy ranges while still retaining a nonclassical behaviour. Within the context of general relativity, De Oliveira and Tiomno [6] and Peres [7] conducted comprehensive studies of the fully covariant Dirac equation which takes the form
where
, γ ν (x)] = 0 and are related to the usual Dirac matrices γα by means of the vierbeins e μ α (x). The spin connection Γ µ is 19) where
Particularly interesting is the case of acceleration and rotation [8] [9] . In this instance it is possible to define a local co-ordinate frame according to an orthonormal tetrad with threeacceleration a along a particle's world-line and three-rotation ω of the spatial triad, subject to Fermi-Walker transport. This tetrad eμ, is related to the general co-ordinate tetrad e µ by
The corresponding vierbeins relating the two frames are then
Similarly, by inverting (2.20), we find the inverse vierbeins
The vierbeins satisfy the orthonormality conditions
It follows that the metric tensor components are
One also finds
By using the definitions Ψ(x) = SΨ(x), S = exp(−i
which, as shown above, has the WFA solution ψ ′ = exp(−iχ)ψ 0 , where ψ 0 is a solution of the Klein-Gordon equation in Minkowski space. It is again possible to show that for a closed path the total phase difference experienced by the Dirac wave function is gauge invariant and is given by 1 4 R µναβ J αβ dτ µν , where the total angular momentum is now
and γ β represents a usual, constant Dirac matrix [10] . It then follows that the Dirac Hamiltonian in the general co-ordinate frame is, to first-order in a and ω,
the α, β, σ matrices are those of Minkowski space, L = x × p, S = σ/2 are the orbital and spin angular momenta, respectively, and
where p µ is the momentum eigenvalue of the free particle. The term ω · S is the spin-rotation coupling term introduced by Mashhoon [11] .
The Lense-Thirring effect for quantum systems
An example of how a gravity induced phase is calculated can best be given by applying (2.2)-(2.3), with β = 0, to the LT effect [12] . This requires knowledge of the particle paths and of the field γ µν .
Consider the physical situation illustrated in Fig.1 . A square interferometer of side l is represented by the path ABCD in the (xy)-plane and a sphere of mass M and radius a is rotating about the z ′ -axis with angular velocity ω. The spatial coordinates of the point A at which a coherent beam of particles is split are (x ′ , y ′ , z ′ ) in the coordinate system z ′µ . For the sake of generality A is taken a distance R from the center of the sphere. The beams interfere at C after describing the paths p 1 ≡ ADC and p 2 ≡ ABC. Since the two coordinate systems z µ and z ′µ are at rest relative to each other, one can choose z 0 = z ′0 and set the beam splitting time at A to be z 0 = z ′0 = 0. It is sufficient to take φ 0 ∝ exp(ik µ x µ ), where k µ is the momentum of the particles of mass m in the beams and k µ k µ = m 2 . The only non-vanishing values of γ µν are [13] where
The following expressions are also used below
The phase shift of the beams along the different arms of the interferometer is given by
The calculation can be simplified by taking a = R and neglecting the contribution of gravity to the motion of the particles in the beams. The latter choice is certainly justified to first order in the WFA and for interferometers of laboratory dimensions. Then path p 1 is described by
In addition for p 1 one has:
Notice that the overall path described by the coherent beams is effectively closed in space-time, as required by (2.11). On using the expressions for γ µν , one finds
If the particles in the beam have speed v, then in the non-relativistic
2 ) and k ≃ mv and ∆χ represents the phase measured by an observer co-moving with the interferometer relative to which the sphere generating the LT field is spinning. The first term in ∆χ depends on ω and represents the LT effect experienced by the quantum particles. It reaches its largest value when the interferometer is placed in the neighborhood of the poles of the sphere (x ′ = y ′ = 0). The remaining terms represent gravitational effects that are present even when ω = 0. These terms vanish when the beam source is located at x ′ = y ′ and, in particular at x ′ = y ′ = 0, at which positions the only contribution to the particle phase shift is that of the LT field. For earth the first term can also be written, in normal units, as
is the angular momentum of earth (assumed spherical and homogeneous) and R ⊕ its radius. It is interesting to observe that Ω = G 2c 2 R 3 ⊕ J ⊕ coincides with the effective LT precession frequency of a gyroscope [14, 15] . Since the precession frequency of a gyroscope in orbit is Ω = GJ ⊕ 2c 2 R 3 ⊕ , one can also write ∆χ = ΩΠ, where
replaces the period of a satellite in the classical calculation. Its value, Π ∼ 1.4 × 10 8 s for neutron interferometers with l ∼ 10 2 cm, is rather high and yields ∆χ ∼ 10 −7 rad. This suggests that the development and use of large, heavy particle interferometers would be particularly advantageous in attempts to measure the LT effect.
3.
Inertial fields in particle accelerators
Spin-rotation coupling in g-2 experiments
Prominent among the effects that can be derived from the covariant Dirac equation of Section 2.3 is the spin-rotation effect described by Mashhoon [11] . This effect is conceptually important. It extends our knowledge of rotational inertia to the quantum level. It also yields different potentials for different particles and for different spin states [10] and can not, therefore, be considered universal.
The relevance of spin-rotation coupling to physical [16] and astrophysical [10, 17] processes has already been pointed out.
It is shown below that the spin-rotation effect plays an essential role in precise measurements of the g − 2 factor of the muon.
The experiment [18, 19] involves muons in a storage ring consisting of a vacuum tube, a few meters in diameter, in a uniform vertical magnetic field. Muons on equilibrium orbits within a small fraction of the maximum momentum are almost completely polarized with spin vectors pointing in the direction of motion. As the muons decay, those electrons projected forward in the muon rest frame are detected around the ring. Their angular distribution therefore reflects the precession of the muon spin along the cyclotron orbits.
The calculations are performed in the rotating frame of the muon and do not therefore require a relativistic treatment of inertial spin effects [20] . Then the vierbein formalism yields (2.25), or
in the chiral representation of the usual Dirac matrices. The second term in (3.1) represents the Mashhoon effect. The first term drops out. The remaining contributions to the Dirac Hamiltonian, to first order in a i and ω i , add up to [8, 9] 
For simplicity all quantities in H are taken to be time-independent. They are referred to a left-handed tern of axes rotating about the x 2 -axis in the clockwise direction of motion of the muons. The x 3 -axis is tangent to the orbits and in the direction of the muon momentum. The magnetic field is B 2 = −B. Only the Mashhoon term then couples the helicity states of the muon. The remaining terms contribute to the overall energy E of the states, and H 0 is the corresponding part of the Hamiltonian. Before decay the muon states can be represented as
where |ψ + > and |ψ − > are the right and left helicity states of the Hamiltonian H 0 and satisfy the equation
The total effective Hamiltonian is H ef f = H 0 + H ′ , where
(3.5) µ = (1 + a µ ) µ 0 represents the total magnetic moment of the muon and µ 0 is the Bohr magneton. The effects of electric fields used to stabilize the orbits and of stray radial electric fields can be cancelled by choosing an appropriate muon momentum [19] and need not be considered.
The coefficients a(t) and b(t) in (3.3) evolve in time according to 6) where M is the matrix
and Γ represents the width of the muon. The non-diagonal form of M (when B = 0) implies that rotation does not couple universally to matter. M has eigenvalues
and eigenstates
The muon states that satisfy (3.3) and (3.6), and the condition |ψ(0) >= |ψ − > at t = 0, are |ψ(t) > = e −Γt/2 2 e −iEt i e −iωt − e iωt |ψ + > (3.10)
The spin-flip probability is therefore
The Γ-term in (3.11) accounts for the observed exponential decrease in electron counts due to the loss of muons by radioactive decay [19] . The spin-rotation contribution to P ψ − →ψ + is represented by ω 2 which is the cyclotron angular velocity eB m [19] . The spin-flip angular frequency is then 13) which is precisely the observed modulation frequency of the electron counts [21] . This result is independent of the value of the anomalous magnetic moment of the particle. It is therefore the Mashhoon effect that evidences the g − 2 term in Ω by exactly cancelling, in 2µB, the much larger contribution µ 0 that relates to fermions with no anomalous magnetic moment [22] . The cancellation is made possible by the nondiagonal form of M and is therefore a direct consequence of the violation of the equivalence principle. It is significant that this effect is observed in an experiment that has already provided crucial tests of quantum electrodynamics and a test of Einstein's time-dilation formula to better than a 0.1 percent accuracy. Recent versions of the experiment [23] [24] [25] have improved the accuracy of the measurements from 270ppm to 1.3ppm and ultimately to 0.7ppm [26] . This, as well as measurements of the Mashhoon effect using the Global Positioning System [27] , bode well for studies involving spin, inertia and electromagnetic fields, or inertial fields to higher order.
Tests of parity and time reversal invariance
The residual discrepancy a µ (exp)−a µ (SM ) = 26×10 −10 still existing [26] between the experimental and standard model values of the muon's a µ can be used to set an upper limit on P and T invariance violations in spin-rotation coupling.
The possibility that discrete symmetries in gravitation be not conserved has been considered by some authors [28] [29] [30] [31] . Attention has in general focused on the potential
which applies to a particle of generic spin σ. The first term, introduced by Leitner and Okubo [29] , violates the conservation of P and T . The same authors determined the upper limit α 1 ≤ 10 −11 from the hyperfine splitting of the ground state of hydrogen. The upper limit α 2 ≤ 10 −3 was determined in Ref. [31] from SN 1987A data. The corresponding potential violates the conservation of P and C. Conservation of C and T is violated by the last term, while (3.14), as a whole, conserves CP T . There is, as yet, no upper limit on α 3 . These studies can be extended to the Mashhoon term. Assume, in fact, that the coupling of rotation to | ψ + > differs in strength from that to | ψ − > [32] . Then the Mashhoon term can be altered by means of a matrix A = κ 1 0 0 κ 2 that reflects the different coupling of rotation to the two helicity states. The total effective Hamiltonian is H ef f = H 0 + H ′ , where
A violation of P and T in (3.15) would arise through κ 2 − κ 1 = 0. The constants κ 1 and κ 2 are assumed to differ from unity by small amounts ǫ 1 and ǫ 2 . The muon states before decay are again as in (3.3) and the coefficients a(t) and b(t) evolve in time according to (3.6) , but now the matrix M is replaced byM
The spin-rotation term, that is off-diagonal in (3.16), violates Hermiticity and T , P and P T , as shown in [32] and, in a general way, in [33] , while nothing can be said about CP T conservation which requires H ef f to be Hermitian [34, 35] . Because of the non-Hermitian nature of (3.15), one expects Γ itself to be non-Hermitian. The resulting corrections to the width of the muon are, however, of second order in the ǫ's and are neglected.
M has eigenvalues
where 18) and eigenstates
and
Then the muon states (3. where the condition |ψ(0) >= |ψ − > has been applied. The spin-flip probability is therefore
This equation and κ 1 = κ 2 = 1, yield (3.10) and (3.11) that provide the appropriate description of the spin-rotation contribution to the spin-flip transition probability. Notice that the case κ 1 = κ 2 = 0 (vanishing spin-rotation coupling) gives
and does not therefore agree with the results of the g − 2 experiments. Hence the necessity of accounting for spin-rotation coupling whose contribution cancels the factor eB m in (3.24) [22] . Substituting κ 1 = 1 + ǫ 1 , κ 2 = 1 + ǫ 2 into (3.22), one finds 25) where ǫ = 1 2 (ǫ 1 + ǫ 2 ). One may attribute the discrepancy between a µ (exp) and a µ (SM ) to a violation of the conservation of the discrete symmetries by the spin-rotation coupling term in (3.15). The upper limit on the violation of P, T and P T is derived from (3.25) assuming that the deviation from the current value of a µ (SM ) is wholly due to ǫ, and therefore is 26 × 10 −10 .
Maximal acceleration
In the 1980's, Caianiello and collaborators [36] developed a geometrical model of quantum mechanics in which quantization is interpreted as curvature of the eight-dimensional space-time tangent bundle T M = M 4 ⊗ T M 4 , where M 4 is the usual flat space-time manifold, of metric η µν . In this space the standard operators of the Heisenberg algebra are represented as covariant derivatives and the quantum commutation relations are interpreted as components of the curvature tensor. The usual Minkowski line element is replaced in the model by the infinitesimal element of distance in the eight-dimensional space-time tangent bundle
where, in normal units,
ds , µ = 0, . . . , 3, x µ = (ct, x), dx µ /ds =ẋ µ is the relativistic four-velocity and A m is a constant. In the model the symmetry between configuration and momentum space representations of field theory (Born reciprocity theorem) is automatically satisfied. The invariant line element (4.1) can be written in the form
where all proper accelerations are normalized to A m , referred to as maximal acceleration, very much like velocities are normalized to their upper value c. Though A m is, a priori, arbitrary, a value for it can be derived from quantum mechanics [37] . With some modifications and additions [38, 39 ], Caianiello's argument can be re-stated as follows. If two observablesf andĝ obey the commutation relation
whereα is a Hermitian operator, then their uncertainties
Using Dirac's analogy between the classical Poisson bracket {f, g} and the quantum commutator [40] {f, g}
one can takeα = {f, g}1. With this substitution, Eq. .9) is Ehrenfest theorem. Criteria for its validity are discussed at length in the literature [41, 40] . Eq.(4.10) implies that ∆E = 0 when the quantum state of the system is an eigenstate ofĤ. In this case dg dt = 0. If g ≡ v(t) is the (differentiable) velocity expectation value of a particle whose average energy is E, then Eq.(4.10) gives
In general [42] 
Caianiello's additional assumption, ∆E ≤ E, has so far remained unjustified. In fact, Heisenberg's uncertainty relation
that follows from (4.11) by writing ∆t = ∆v/|dv/dt|, seems to imply that, given a fixed energy E, a state can be constructed with arbitrarily large ∆E, contrary to Caianiello'assumption. An upper bound on ∆E can be found, however, if E is taken to represent the fixed average energy measured from an origin E min . In what follows E min = 0 for simplicity. Then the correct interpretation of (4.13) is that a quantum state with spread in energy ∆E takes a time ∆t ≥h 2∆E to evolve to a distinguishable (orthogonal) state. This evolution time must satisfy the more stringent limit [43] ∆t ≥h 2E , (4.14)
which determines a maximum speed of orthogonality evolution [44] . Obviously, both limits (4.13) and (4.14) can be achieved only for ∆E = E, while spreads ∆E > E, that would make ∆t smaller, are precluded by (4.14) . This effectively restricts ∆E to values ∆E ≤ E, as conjectured by Caianiello. One can now derive an upper limit on the value of the proper acceleration. In fact, in the instantaneous rest frame of the particle, where the acceleration is largest [38] , E = mc 2 and (4.11) gives
It also follows that in the rest frame of the particle, where
ds 2 = 0, the absolute value of the proper acceleration is [38, 45] and again (4.15) follows [39] . Classical and quantum arguments supporting the existence of a maximal acceleration have long been discussed in the literature [46] . MA also appears in the context of Weyl space [47] and of a geometrical analogue of Vigier's stochastic theory [48] .
MA has been used to obtain model independent limits on the mass of the Higgs boson [49] and on the stability of white dwarfs and neutron stars [50] .
It is significant that a limit on the acceleration also occurs in string theory. Here the upper limit manifests itself through Jeans-like instabilities [51] which occur when the acceleration induced by the background gravitational field is larger than a critical value a c = (mα) −1 for which the string extremities become causally disconnected [52] . m is the string mass and α is the string tension. Frolov and Sanchez [53] have then found that a universal critical acceleration a c = (mα) −1 must be a general property of strings.
Recently Castro [54] has derived the same MA limit (4.15) from Clifford algebras in phase space and Schuller [55] has rigorously shown that special relativity has a MA extension.
Applications of the Caianiello model range from cosmology to particle physics. A sample of pertinent references can be found in [56] . Clearly (4.2) implies that the effective space-time metric experienced by accelerated particles isg µν = σ 2 η µν and is therefore altered by MA corrections that induce curvature, violate the equivalence principle and make the metric observer dependent as conjectured by Gibbons and Hawking [57] . These corrections vanish in the classical limit (A m ) −1 =h/(2mc 3 ) → 0, as expected.
Recent advances in high resolution spectroscopy are now allowing Lamb shift mesearements of unprecedented precision, leading in the case of simple atoms and ions to the most stringent tests of quantum electrodynamics (QED). MA corrections due to the metric (4.2) appear directly in the Dirac equation for the electron that must now be written in covariant form and referred to a local Minkowski frame by means of the vierbein field e a µ (x). From (4.2) one finds e a µ = σ(x)δ a µ , where Latin indices refer to the locally inertial frame and Greek indices to a generic non-inertial frame. The covariant matrices γ µ (x) satisfy the anticommutation relations {γ µ (x), γ ν (x)} = 2g µν (x), while the covariant derivative D µ ≡ ∂ µ + ω µ contains the total connection ω µ = 
From (4.19) one obtains the Hamiltonian
which is in general non-Hermitian [58] . However, when one splits the Dirac spinor into large and small components, the only non-Hermitian term is (ln σ) ,0 . If σ varies slowly in time, or is time-independent, as in the present case, this term can be neglected and Hermiticity is recovered.
Here the nucleus is considered to be point-like and its recoil is neglected. In QED the Lamb shift corrections are usually calculated by means of a non-relativistic approximation [59] which is also followed here [60, 61] . For the electric field E(r) = kZe/r 2 (k = 1/4πǫ 0 ), the conformal factor becomes σ(r) = (1 − 4 . This expansion requires that in the following only those values of r be chosen that are above a cut-off Λ, such that for r > Λ > r 0 the validity of the expansion is preserved. The actual value of Λ is chosen below. The length r 0 has no fundamental significance in QED and depends in general on the details of the acceleration mechanism. It is only the distance at which the electron would attain, classically, the acceleration A m irrespective of the probability of getting there.
By using the expansion for σ(r) in (4.20) one finds that all MA effects are contained in the perturbation terms
By splitting ψ(x) into large and small components ϕ and χ and using where E 1 (x) = ∞ 1 dy e −xy /y and a 0 is the Bohr radius divided by Z. In order to calculate the 2S − 2P Lamb shift corrections it is now necessary to choose the value of the cut-off Λ. While in QED Lamb shift and fine structure effects are cut-off independent, the values of the corresponding MA corrections increase when Λ decreases. This can be understood intuitively because the electron finds itself in regions of higher electric field at smaller values of r. Λ is a characteristic length of the system. It must also represent a distance from the nucleus that can be reached by the electron whose acceleration and relative perturbations depend on the position attained. One may tentatively choose Λ ∼ a 0 . According to the wave functions involved, the probability that the electron be at this distance ranges between 0.1 and 0.5. Smaller values of Λ lead to larger acceleration corrections, but are reached with much lower probabilities. This is the case of the Compton wavelength of the electron whose use as a cut-off is therefore ruled out in the present context. For Λ ∼ a 0 , Eqs. [62] gives δE L ∼ 11.37kHz. The MA corrections are comparable in magnitude with those of QED at order α 7 , where α is the fine structure constant. The agreement between MA corrections and experiment [63, 64] is at present very good [61] for the 2S − 2P Lamb shift in hydrogen (∼ 7kHz) and comparable with the agreement of experiments with standard QED with and without two-loop corrections [65] . The agreement is also good for the
Lamb shift in hydrogen and comparable, in some instances, with that between experiment and QED (∼ 30kHz) [61, 66] . Finally, the MA corrections [61] improve the agreement between experiment [67] and theory by ∼ 50% for the 2S − 2P shift in He + .
Conclusions
Inertia and gravity induced quantum phases, helicity oscillations of particles in accelerators and storage rings and MA corrections in quantum processes are all effects that may occur well before the onset of quantum gravity. They represent research areas where both theoretical and experimental developments are possible.
The sensitivity of measurements in g-2 and Lamb shift experiments can respectively set upper limits on violations of P and T invariance in spin-rotation coupling and on the magnitude of MA corrections.
Further advances in these fields as well as in heavy particle interferometry, would greatly help in filling a gap of over forty orders of magnitude between planetary scales, over which Einstein's views on inertia and gravity are tested, and Planck length.
